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Coherent presentations of monoids (infoimady )
Présentation < ✗ I R >
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where
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Coherent presentations of monoids (infoimady )
We add a pet R of generating relations

among relations A : 3- → }a
↳
3-generating cells

We
pay that

< ✗ IRIIR> is a coherent présentation of XKR

if for euery pair ff3) of parallel relations
relation amayNations

v there is a fanal composite Uni

of generating relations among relations

filling the sphere/3,3)
allusions = generating relations amag relations in context, also

collect WHISKERS

→À
⇒ tu 1¥¥

Example : the Klein botte monaie

< a
,
b | bab÷>



The royal way to coherence

start from a Terminatorg présentation :
no infinite path of steps - 2- (- d'1- forbidden)
Knuth -Bendix complétion : check

confluence ( enough to check this for (minimal)

ovalapping situations = critica party

- 4-

- K- -
- -→ wa

new

%/
-

"
na -ÜîÏ

"#Aall added
relation
added

V
- va - - -→ Wa

Tp wa # Wa
,
add wa → w, a wa→ wa

(whicheva maintains termination ) Iterate

Squier complétion : on Thenay, add also generating
relations among relations →

BINGO ! coherent présentation
"

SQUIER theorem
complétion - reduction

Guiraud- MALBOS-MIMRAM

Cerise sur le gâteau : remove some 3- generating and
d- generating cells (Justified by Tietze transformations )
All of this préserves presented monoid, coherence resp .



Knuth -Bendix complétion ( Klan botte mono id)

Illustration m' 1h

Fixa total oxbr on mords ces follows

u< riff tuk / v1 0244--14 and Heat)
length→ →

lexicographie onder (on wadsofeqed length)
generaled from a<b

(fa instance, b. < aa< ab ) Note HH < ok) .

check critico pairs :

batbab À aab
N'd- confluent

bag

↳ dose and fill triangle
B.

baa ✗ orientation chasen to mountain
Ht) < s/ 8) for all generating relations

B create a new critica paie [confluent) (→ termination )

µ
SQUIER complétion
completed !



Getting nid of B

critica triple : Ùabtjab

7 aabab

*Hab TE
>

bababab-IEbaapf.bg face
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? aabab
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Since we do not I baban

consider relations amoy relations among relations,
we get

(Caat) (Aab) of/aado Bab ) ( baA) o / B-
'

Tbabad)) _- il
{ B (babord) = (Caat) (Aab) of/aado Bab ) ( bah)
& B-(G) (Aab) of/aaxo Bab ) ( bah) ) (babai?



Getting nid of A and B

babab À aab of. discute

bah Îja MORSE Heorot
BROWN

We can define B : = @ab) o ( basé)
And then expanding the definition of p in

any coherence diagram allows to reduce

all occurences of

→⇒
↳ fps-

to

Hablo(basé}-

In summary :

< qb 1481 A , B > au coherent
£
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,
bla

,
BIA > } presentations of

th Klein battle
{ < ais / & / 0 > mon aide



Coherent presentations of categories ( formally )
manoir are one- objet categories
Polygraphe [ on computads ) STREET BVRRONÏ

Pi ( Osias ) set of i -generator tagette with

free category overLPOIP,>
↳ qq.IE patate

""d-&1) category over <Po / papa >
Washita -category in whichÎ §

,

all 2- morphisme are
Po ¥ Pa Pas investible

<pÏËÊftp.nhjo/heategagtE/-~paY--pYeypah-3iy-pdygraph
Definition We pay
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coherent présentation of PIER for that Ps in an
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5
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Homotopical completion-reduction



Motivation for coherent presentations

Closely related to
I cofibrant approximations in the canonical model structure on

2-categories, given by Lack
I weak actions of Artin-Tits monoids upon categories,

investigated by Deligne
Form
I the first dimensions of polygraphic resolutions of monoids,

defined by Métayer, from which abelian resolutions can be
deduced

Theorem (Gaussent, Guiraud, Malbos 2015 )
Let X be an extended presentation of a category C . TFAE:
I X is a coherent presentation of C ;
I eX is a cofibrant approximation of C (viewed as a 2-category);
I for every 2-category D , the category of 2-functors from C to

D and the category of pseudofunctors from eX to D are
equivalent, and this equivalence is natural in D .

%
•



Overview of relevant classes of monoids

Digne, Godelle, Krammer, Michel

l

\



Coxeter groups and Artin-Tits monoids

Coxeter group: group W presented by
⌦
S finite

�� �s2 = 1, sts · · · = tst · · ·
�� s, t 2 S

 ↵

Spherical Artin-Tits monoid corresponding to a finite Coxeter group
W :

B
+ (W ) = hS finite | {sts · · · = tst · · · | s, t 2 S}i+

Examples
The permutation group Sn, e.g. S3 =

⌦
s, t

�� s2 = t
2 = 1, tst = sts

↵

The braid monoid B
+
n = B

+ (Sn), e.g. B3 = hs, t | tst = stsi+

Some properties of Artin-Tits monoids
I cancellative
I contain no nontrivial invertible element
I admit conditional right-lcms
I noetherian



Garside’s presentation of Artin-Tits monoids

I Introduced by Deligne (1997) for spherical Artin-Tits monoids,
and by Michel (1999) for general Artin-Tits monoids

Graphical notation
I u v for u, v 2 B

+ (W ): ` (uv) = ` (u) + ` (v) holds in W

I generalised to a greater number of elements

Definition
Garside’s presentation of B+ (W ) is a 2-polygraph Gar2 (W )
having:
I a single generating 0-cell,
I elements of W \ {1} as generating 1-cells,
I and a generating 2-cell

↵u,v : u|v ) uv

for all u, v 2 W \ {1} such that u v .

Gara (W ) =L * t WKH /Kurt n'v3 >



Garside’s coherent presentation of Artin-Tits monoids

Gar3 (W ): the extended
presentation of B+ (W ) obtained
by adjoining to Gar2 (W ) a 3-cell
Au,v ,w for all u, v ,w 2 W \ {1}

s.t. u v w

Theorem (Gaussent, Guiraud, Malbos 2015)
For every Coxeter group W , the Artin-Tits monoid B

+ (W ) admits
Gar3 (W ) as a coherent presentation.

Idea of the proof: homotopical completion-reduction of Garside’s
presentation of B+ (W )

mears n'v
,
Mw and lluvnr) - l/a) + et -19W)



Garside monoids

Definition
A Garside monoid is a pair (M,�) such that the following
conditions hold:
I M is a cancellative monoid;
I there is a map � : M ! N such that � (fg) � � (f ) + � (g)

and � (f ) = 0 =) f = 1;
I every two elements have a left-gcd and a right-gcd and a

left-lcm and a right-lcm;
I � 2 M, called the Garside element, is such that the left and

the right divisors of � coincide, and they generate M;
I the family of all divisors of � is finite.

Theorem (Gaussent, Guiraud, Malbos 2015)
Every Garside monoid M admits Gar3 (M), with u v denoting
uv 2 Div (�) , as a coherent presentation.





Definition of Garside family

Let S be a subfamily of a left-cancellative monoid M

I Greedy decomposition: an S-word g1| · · · |gq is said to be
S-normal if for all i < q

8h 2 S , 8f 2 M, (h � fgigi+1 =) h � fgi )

I Garside family in M: a subfamily S such that every element of
M admits an S-normal decomposition

s' strict ifgq -1-1

M has no nontrivial investille element ⇒ unique strict 5-normal
decomposition



Examples of Garside families

I Every Artin-Tits monoid B
+ (W ) admits a Garside family

given by W

I Every Artin-Tits monoid B
+ (W ) admits a finite Garside

family (Dehornoy, Dyer, Hohlweg 2015)
I In the particular case of a braid monoid, the family of all

simple braids is a Garside family
I Every Garside monoid (M,�) has a finite Garside family given

by Div (�)

I The monoid B
+
1 of all positive braids on infinitely many

strands indexed by positive integers admits

S1 =
[

n�1

Div (�n)

as a Garside family



Properties of Garside families

Let M be a left-cancellative monoid having no nontrivial invertible
element, and S a Garside family in M

I S is closed under right divisor and right-mcm.
I Normalisation map N

S : S⇤ ! S
⇤ assigns to each

w 2 S
⇤ \ {1} the strict S-normal decomposition of the

evaluation of w ; and N
S (1) = 1.

I N
S is left-weighted, i.e. for all s, t 2 S , the element s is a left

divisor in M of the first letter of NS (s|t).
I Rewriting rules s|t ) N

S (s|t), for all s, t 2 S \ {1} with s|t
not S-normal, yield a convergent presentation of M.

Proposition about Gar2 (S) (Dehornoy, Guiraud 2016)
Let M be a left-cancellative monoid containing no nontrivial
invertible element, and S ✓ M a Garside family s.t. 1 2 S . Then
M admits, as a presentation, the 2-polygraph Gar2 (S), with u v

denoting uv 2 S .

Garside’s presentation of M, with respect to S : Gar2 (S)

- ,
-

, →

¢
Gara (S ) =L * I SICH IKurt n'v3 >

unv
.



Ou main theorem

verts
,
vw ES
,
uvnvES



Gar3 (S) := Gar2 (S) + generating 3-cells

uv |w

u|v |w uvw

u|vw

↵uv ,w

Au,v ,w

↵u,v |w

u|↵v ,w
↵u,vw

u|v |w uv |w

u|vw

↵u,v |w

u|↵v ,w

Bu,v ,w

�u, v ,w

uv |wx

u|v |wx uvw |x

u|vw |x

�uv ,w ,x

Cu,v ,w ,x

↵u,v |wx

u|�v ,w ,x ↵u,vw |x

u|v |wx uv |wx

u|vw |x uv |w |x

↵u,v |wx

u|�v ,w ,x

�u,v ,w |x

Du,v ,w ,x

uv |↵w ,x

uv |w |x

u|vw |x uv |wx

u|vwx

uv |↵w ,x

Eu,v ,w ,x

�u,v ,w |x

u|↵vw ,x �u,v ,wx

uv |w |xy

u|vw |xy uv |wxy

u|vwx |y uv |wx |y

Fu,v ,w ,x ,y

uv |↵w ,xy�u,v ,w |xy

u|�vw ,x ,y
�u,v ,wx |y

uv |↵wx ,y

uv |w |xy

u|vw |xy uv |wx |y

u|vwx |y

uv |�w ,x ,y

Gu,v ,w ,x ,y

�u,v ,w |xy

u|�vw ,x ,y �u,v ,wx |y

uv |xy

u|vxy uvx |y
Hu,v ,x ,y

�uv ,x ,y�u,v ,xy

�u,vx ,y

uv1|w1 = uv1|x1y

u|v1w1
=

u|v2w2

uv1x1|y
=

uv2x2|y

uv2|w2 = uv2|x2y

�uv1,x1,y

Iu,v1,w1,v2,w2

�u,v1,w1

�u,v2,w2 �uv2,x2,y
vk.gl w ←

degererate case
/

"

⇒y



Complet ion of Gara /S )

d and & fam two critica pairs :

converger

Essayage xp add B. andB

I

We shall show that Ends) is

convergent
→ confluence
L termination



Confluence of ai licol pain
The mlg ease which made attention voit FI
Guiraud - Gaussent - Malbos is this oiilical branding :

Ulvang

KY / çà
sçyn¥ Wax, / y

-

anéanti.NU
"ÏÎÏaw÷Ëüâw

Fry

where
✓ Applicable tg of Be,B, ⇒1

lit
2-mcmq.is/4GGM-iwxsEE-,uva,vc-S

:±¥ŒYÆIEHa. à
C-S

u
, by a

and
y ←

7- va
} ¥> "MIES by a and a

¢ Applicable tg of B, : - anduhned staff + Kayes tg !
"
and

a

5 idem By

Properties used :
,
closure of Sunder right-mon

2
closure ofSunder right divisa



Termination of at P
d terminates [deaeases length of S - wards )

Therefore /we can peeppou an nanite reduction with B -steps on ly .

Notation uI luminol p
→
i ¥-14011 -Ie

Since p préserves length
,
all Maps are → in ; with in< p

By pigeon hole principle , 7 j s - t.in =j inhmtdy often .

Taha j'o the minimal mdr j q
We can pappose that all steps are → in with in zjo
Consider

,pay-julvwl-e-U-jo-puv.hr/--↳-

1f>jour) →j
- /uywp_-i

Un

C- = En /→
→jus
- l'ùvlwx+|xa→- Y

→jo-lu-wlxdxnm.TK
We not that no

,
now c-S and that ar left dindesurwyi.e.jo- th le Iter after a jo -step left dindes jo

- th le Iter after next ja -step
To contradict local right - nœfherianity, we are left to findGES
rt . av

,
uvw
,
- n left divide g . We use the following propafy

} NYU v1 w ) = Nsla / NTM / w )
,
which entraits

NSL UN = . . .
Ns/4) = - - = U →Taheg_-firstlelter@NslUJCEomlinednilheeft.weigteduess) uoyuv.us left dinde g



Computing the proof
All lle 3-generating cells except Ago auray

Bgœsaway
t

Gars /SI = Gaz +

fan all air,WESH} At . n'
Ûw



Applications

Free abelian monoid N(I ) over an infinite basis
I not of finite type, hence neither Artin-Tits nor Garside
I Garside family

SI =
n
g 2 N(I )

��� 8k 2 I , g (k) 2 {0, 1}
o

I conditions of Theorem: product on N(I ) is based on the
addition of integers

I u v : u and v have disjoint supports

Monoid B
+
1 of all positive braids on infinitely many strands indexed

by positive integers
I not of finite type, hence neither Artin-Tits nor Garside
I Garside family

S1 =
[

n�1

Div (�n)

I conditions of Theorem: preserved from braid monoids
I u v : uv is a simple braid
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is a coherent presentations


