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Homotopical completion-reduction

coherent, reduced Qs eteins)iter1§ coherent, convergent
%
(3,1)-polygraph reduction (3,1)-polygraph

homotopical homotopical completion Squier

completion-reduction / completion
terminating Knuth-Bendix convergent
2-polygraph completion 2-polygraph




Motivation for coherent presentations

Closely related to
» cofibrant approximations in the canonical model structure on
2-categories, given by Lack
> weak actions of Artin-Tits monoids upon categories,
investigated by Deligne
Form
> the first dimensions of polygraphic resolutions of monoids,

defined by Métayer, from which abelian resolutions can be
deduced

Theorem (Gaussent, Guiraud, Malbos 2015 )
Let X be an extended presentation of a category ¢. TFAE:
» X is a coherent presentation of €’;
> X is a cofibrant approximation of € (viewed as a 2—categ:9ry);

» for every 2-category 9, the category of 2-functors from X to
9 and the category of pseudofunctors from € to @ are
equivalent, and this equivalence is natural in 9.



Overview of relevant classes of monoids

Artin-Tits monoids

[Michel 1999]

spherical
Artin-Tits monoids

[Brieskorn, Saito 1972]A
[Deligne 1972]

braid monoids

[Garside 1969]

Hohlweg 2015]

quadratic normalisation

[Dehornoy, Guiraud 2016]

[IBJSH IO S 1A AYS N ionoids admit ting
a Garside family

monoids admitting

of class (4, 3)

[Dehornoy et al.
around 2010]

Digne, Godelle, Krammer, Michel

Garside monoids

[Dehornoy, Paris 1999]



Coxeter groups and Artin-Tits monoids

Coxeter group: group W presented by

(S finite| {s®* = 1,sts--- =tst---|s,t € S})
Spherical Artin-Tits monoid corresponding to a finite Coxeter group
" BT (W) = (S finite | {sts--- = tst---|s,t € S})T
Examples

The permutation group S,, e.g. S3 = <s, t | 2=t =1, tst = sts>
The braid monoid B = Bt (S,), e.g. Bs = (s, t|tst = sts)™

Some properties of Artin-Tits monoids
» cancellative
» contain no nontrivial invertible element
» admit conditional right-lcms
» noetherian



Garside's presentation of Artin-Tits monoids

» Introduced by Deligne (1997) for spherical Artin-Tits monoids,
and by Michel (1999) for general Artin-Tits monoids

Graphical notation
> for u,v € BY (W): £(uv) =£(u) +£(v) holds in W
> generalised to a greater number of elements
Definition
Garside's presentation of BT (W) is a 2-polygraph Gar, (W)
having:
> a single generating 0-cell,
» elements of W\ {1} as generating 1-cells,

» and a generating 2-cell - (V“) IR A [ v Wol >
YK

ayy tulv = uv

for all u,v € W\ {1} such that v Vv.



Garside's coherent presentation of Artin-Tits monoids

uv|w

Garz (W): the extended Qg p|W Cuw.w

presentation of BT (W) obtained 7 \

by adjoining to Garp (W) a 3-cell ulplw — Auow wow

Auyvw forall u,v,w e W {1} \ %J;u.vw
PN ula,w ulvw '

st. iV w

Theorem (Gaussent, Guiraud, Malbos 2015)

For every Coxeter group W, the Artin-Tits monoid B+ (W) admits
Gars (W) as a coherent presentation.



Garside monoids

Definition
A Garside monoid is a pair (M, A) such that the following
conditions hold:

>
>

>

>

>

M is a cancellative monoid;

there is a map A : M — N such that A (fg) > A (f) + A\ (g)
and A\ (f)=0 = f=1,

every two elements have a left-gcd and a right-ged and a
left-lcm and a right-lcm;

A € M, called the Garside element, is such that the left and
the right divisors of A coincide, and they generate M,

the family of all divisors of A is finite.

Theorem (Gaussent, Guiraud, Malbos 2015)

Every Garside monoid M admits Gars (M), with v denoting
uv € Div(A), as a coherent presentation.



blue arrows:
constructed coherent

presentations
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Definition of Garside family

Let S be a subfamily of a left-cancellative monoid M

» Greedy decomposition: an S-word gi| - - - |gq is said to be
S-normal if for all i < g Nt 7 gaﬂ*i

Vhe S,Vf e M, (h = fgigis1 = h=fg)

[ ) L} [ )
fl \
9i . gi+1 4

* NG
» Garside family in M: a subfamily S such that every element of
M admits an S-normal decomposition

N Ros vo  owbuwrel e L ehmen} = ‘”‘4“{“"" phid $nomol
daconrpopi] fon




Examples of Garside families

>

>

Every Artin-Tits monoid BT (W) admits a Garside family
given by W

Every Artin-Tits monoid BT (W) admits a finite Garside
family (Dehornoy, Dyer, Hohlweg 2015)

In the particular case of a braid monoid, the family of all
simple braids is a Garside family

Every Garside monoid (M, A) has a finite Garside family given
by Div (A)

The monoid B of all positive braids on infinitely many
strands indexed by positive integers admits

See = | Div(Ay)

n>1

as a Garside family



Properties of Garside families

Let M be a left-cancellative monoid having no nontrivial invertible
element, and S a Garside family in M
» S is closed under right divisor and right-mcm.
» Normalisation map N° : S* — S* assigns to each
w € §*\ {1} the strict S-normal decomposition of the
evaluation of w; and N° (1) = 1.
> NS is left-weighted, i.e. for all s,t € S, the element s is a left
divisor in M of the first letter of N> (s|t).
> Rewriting rules [t = N° (s|t), for all s,t € S\ {1} with s|t
not S-normal, yield a convergent presentation of M.

» Let M be a left-cancellative monoid containing no nontrivial
invertible element, and S C M a Garside family s.t. 1 € S. Then
M admits, as a presentation, the 2-polygraph Garz (S), with Y
denoting uv € S.

Ga’\-g_ls)':é*\ S\iﬂ‘i‘*wu-[ UlAlTl>

Qv TUulv = uv
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Definition

A subfamily S of a monoid M is locally right-noetherian if there
exists no g € S admitting an infinite sequence (h,),—; in

S N Div(g) such that for every n there exists a non-invertible f, in

S satisfying h,f, = h,i1.

Theorem

Let M be a left-cancellative monoid containing no nontrivial
invertible element, and S C M is a locally right-noetherian Garside
family containing 1. If M admits right-mcms, then M admits the
(3,1)-polygraph Gars (S) as a coherent presentation.

(3, 1)-polygraph Gars (S) Ozu,v|w/7 uvfw .
» Garp (S) \
d 3-cell A for all uvls /uvw
» and 3-cell A, v w
u, z,\w € S\ {1} s.t. U!%> ulow Qv

N N
u v w
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Applications

Free abelian monoid N() over an infinite basis
> not of finite type, hence neither Artin-Tits nor Garside
» Garside family

S = {g e N() ‘Vk el,g(k) e {0, 1}}

» conditions of Theorem: product on N{) is based on the
addition of integers
» 4 v: uand v have disjoint supports

Monoid B of all positive braids on infinitely many strands indexed
by positive integers

» not of finite type, hence neither Artin-Tits nor Garside

» Garside family

See = | J Div(4y)
n>1
» conditions of Theorem: preserved from braid monoids
» 4 v: uvis a simple braid



Applications, continued

Dual braid monoid B;*
» generators: a; j with 1 </ <j < n
> relations: a;jajy jy = ay jajj for [i,j] and [i’, ] disjoint or
nested; aj jaj k = ajkaik = aikaijfor 1 <i<j<k<n
» Garside monoid: (B, *, A¥) with Af = a2+ ap_1.n
» further homotopical reduction after Theorem for B,™
Artin-Tits monoid of type As
» presented by

I_

<0'170'270'3|01020'1 — 020102,020302 = 030203,030103 = 0'10'30'1>—I

» Garside family: sixteen right divisors of the elements o3010%071,
0102030072, and 02030103 (Dehornoy, Dyer, Hohlweg 2015)
» Theorem and further homotopical reduction:

x| P (P>
b o coeront WCY\V*\\W




